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By the method of indeterminate coefﬁcients we prove the inequality
∞∑
n=1
(
ar1 + ar2 + · · · + arn
n
) 1
r
≤


1− r
−1
r
∞∑
n=1
an if −1 ≤ r < 1 r 	= 0
r
r − 12
r−1
r
∞∑
n=1
an if r < −1,
where an ≥ 0, n = 1 2    
∑∞
n=1 an <∞. © 2001 Academic Press
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1. INTRODUCTION
The following Carleman inequality is well known. (See [1, Chap. 9.12].)
∞∑
n=1
(
a
1/p
1 + a1/p2 + · · · + a1/pn
n
)p
≤
(
p
p− 1
)p ∞∑
n=1
an (1)
where an ≥ 0, n = 1 2    
∑∞
n=1 an <∞, and p > 1.
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Letting p→+∞, it follows from (1) that
∞∑
n=1
a1a2 · · · an
1
n ≤ e
∞∑
n=1
an (2)
In practice, the inequality (2) is strict; i.e.,
∞∑
n=1
a1a2 · · · an
1
n < e
∞∑
n=1
an (3)
if an ≥ 0, n = 1 2     0 <
∑∞
n=1 an <∞
The constant e is sharp in the sense that it cannot be replaced by a
smaller one.
Recently, the inequality (3) has also been improved by many authors, for
example, by Yang Bicheng and L. Debnath [2] with
∞∑
n=1
a1a2 · · · an
1
n < e
∞∑
n=1
(
1− 1
2n+ 2
)
an (4)
and in [3] by Yan Ping and Sun Guozheng with
∞∑
n=1
a1a2 · · · an
1
n < e
∞∑
n=1
(
1+ 1
n+ 1/5
)−1
2
an (5)
where an ≥ 0 n = 1 2     0 <
∑∞
n=1 an <∞
We rewrite the inequality (1) with r = 1
p
as
∞∑
n=1
(
ar1 + ar2 + · · · + arn
n
) 1
r ≤ 1− r −1r
∞∑
n=1
an (6)
where an ≥ 0 n = 1 2    
∑∞
n=1 an <∞, and 0 < r < 1
2. MAIN RESULT
In this paper, we shall prove the following theorem.
Theorem 1. Let an ≥ 0, n = 1 2     and
∑∞
n=1 an <∞. Then we have
∞∑
n=1
(
ar1 + ar2 + · · · + arn
n
) 1
r
≤


1− r− 1r
∞∑
n=1
an if − 1 ≤ r < 1 r 	= 0 7a
r
r − 12
r−1
r
∞∑
n=1
an if r < −1 7b
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To prove Theorem 1, we ﬁrst prove the following lemmas.
Lemma 1. We have
(
ar1 + ar2 + · · · + arn
n
) 1
r
≤ 1
n
(
a1
b1
+ a2
b2
+ · · · + an
bn
)(
bt1 + bt2 + · · · + btn
n
) 1
t
 (8)
where ak ≥ 0 bk > 0 ∀k = 1 2     n, t = r1−r  r < 1 r 	= 0
Lemma 2. We have
1
m1+α
<
1
α
[(
m− 1
2
)−α
−
(
m+ 1
2
)−α]
 (9)
for all m = 1 2    and α > 0
Lemma 3. For all n ∈ N , we have
i nγ − n− 1γ > γ
(
n− 12
)γ−1
if 0 < γ < 1 (10)
ii nγ − n− 1γ < γ
(
n− 12
)γ−1
if 1 < γ < 2 (11)
Proof of Lemma 1. Let q = p
p−1  Ak ≥ 0 Bk ≥ 0. We then have the
Holder inequality
n∑
k=1
AkBk ≤
( n∑
k=1
A
p
k
) 1
p
( n∑
k=1
B
q
k
) 1
q
if p > 1 (12)
and
n∑
k=1
AkBk ≥
( n∑
k=1
A
p
k
) 1
p
( n∑
k=1
B
q
k
) 1
q
if p < 1 (13)
We obtain from Eqs. (12) and (13) that
( n∑
k=1
AkBk
)p
≤
( n∑
k=1
A
p
k
)( n∑
k=1
B
q
k
) p
q
 for all p > 1 or p < 0 (14)
Applying the inequality (14) with p = 1
r
 Ak =
( ak
bk
)r , and Bk = brk, we
obtain (8).
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Proof of Lemma 2. Using the binomial series
1+ x−α =
∞∑
k=0
Ck−αx
k for all α x ∈ R −1 < x < 1 (15)
where
Ck−α =
−α−α− 1 · · · −α− k+ 1
k!

we have
(
m− 1
2
)−α
= m−α
(
1− 1
2m
)−α
= m−α
∞∑
k=0
Ck−α
(
− 1
2m
)k
 (16)
Similarly,
(
m+ 1
2
)−α
= m−α
∞∑
k=0
Ck−α
(
1
2m
)k
 (17)
It follows from Eqs. (16) and (17) that
(
m− 1
2
)−α
−
(
m+ 1
2
)−α
= m−α
∞∑
k=0
−1k − 1Ck−α
(
1
2m
)k
= −2m−α
∞∑
k=0
C2k+1−α
(
1
2m
)2k+1
> −2m−αC1−α
1
2m
= α
m1+α
 (18)
Proof of Lemma 3. With n = 1, then Eqs. (10) and (11) evidently hold.
Let n ≥ 2, and put p = n− 12 . Applying (15) with x = 12p −α = γ, we
obtain
nγ =
(
p+ 1
2
)γ
= pγ
(
1+ 1
2p
)γ
= pγ
∞∑
k=0
Ckγ
(
1
2p
)k
 (19)
Similarly,
n− 1γ =
(
p− 1
2
)γ
= pγ
∞∑
k=0
Ckγ
(
− 1
2p
)k
 (20)
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Hence, we obtain from (19) and (20) that
nγ − n− 1γ = pγ
∞∑
k=0
1− −1kCkγ
(
1
2p
)k
= 2pγ
∞∑
k=0
C2k+1γ
(
1
2p
)2k+1
 (21)
Note that
C2k+1γ =
γγ − 1γ − 2 · · · γ − 2k
2k+ 1! > 0
if 0 < γ < 1 k = 0 1 2     (22)
and
C2k+1γ < 0 if 1 < γ < 2 k = 1 2     (23)
Finally, we obtain that:
— if 0 < γ < 1, it follows from (21), (22) that
nγ − n− 1γ > 2pγC1γ
1
2p
= γ pγ−1 = γ
(
n− 1
2
)γ−1
 (24)
— if 1 < γ < 2, we have also from (21), (23) that
nγ − n− 1γ < 2pγC1γ
1
2p
= γ
(
n− 1
2
)γ−1
 (25)
This completes the proof of Lemma 3.
Proof of Theorem 1. We prove the theorem by the method of indeter-
minate coefﬁcients.
Consider b1 b2    to be the positive indeterminate coefﬁcients. Put
αkn =
1
n
1
bk
(
bt1 + bt2 + · · · + btn
n
) 1
t
 where t = r
1− r  (26)
Applying Lemma 1, we obtain
N∑
n=1
(
ar1 + ar2 + · · · + arn
n
) 1
r
≤
N∑
n=1
n∑
k=1
αknak =
N∑
n=1
Cnan
for all N = 1 2     (27)
where
Cn =
N∑
m=n
αnm =
1
bn
N∑
m=n
1
m
(
bt1 + bt2 + · · · + btm
m
) 1
t
 (28)
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We shall prove that, for the chosen appropriate coefﬁcients bn n =
1 2     we have
Cn ≤ C
where C is a constant only depending on r (independent of n, N , an n =
1 2   ). First, let α > 0 such that
1− αt > 0 t = r
1− r  (29)
Choosing
bm =
(
m1−αt − m− 11−αt) 1t  m = 1 2     (30)
We have from (28) that
Cn =
1(
n1−αt − n− 11−αt) 1t
N∑
m=n
1
m1+α
 (31)
Applying Lemma 2, we obtain
N∑
m=n
1
m1+α
<
1
α
N∑
m=n
[(
m− 1
2
)−α
−
(
m+ 1
2
)−α]
= 1
α
[(
n− 1
2
)−α
−
(
N + 1
2
)−α]
<
1
α
(
n− 1
2
)−α
 (32)
It follows from Eqs. (31) and (32) that
Cn <
1(
n1−αt − n− 11−αt) 1t
1
α
(
n− 1
2
)−α
= 1
α
[
nγ − n− 1γ(
n− 12
)γ−1
]− 1t
 (33)
where γ = 1− αt
We note that if 0 < r < 1 and we choose α 0 < α < 1−r
r
= 1
t
, then we
have − 1
t
< 0 and 0 < γ = 1− αt < 1 Using Lemma 3(i), we deduce from
(33) that
Cn <
1
αγ
1
t
≡ Gα r (34)
In the case of r < 0, if we choose α 0 < α < 1−rr = − 1t , then we have
− 1
t
> 0 and 1 < γ = 1− αt < 2. Using again Lemma 3(ii) we also obtain
the same inequality (34) from (33).
Now, we shall choose α0 0 < α0 <
1−r
r , such that
Gα r ≥ Gα0 r for all α ∈
(
0
1− r
r
)
 (35)
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Consider the function
gα = 1
Gα r = αγ
1
t = α1− αt 1t  0 ≤ α ≤ 1− rr  (36)
Then we have the derivative
g′α = 1− αt 1t −1 1
1− r 1− r − α (37)
If −1 ≤ r ≤ 1 r 	= 0, then the derivative g′α changes from positive to
negative at α0 = 1− r and the function gα has a maximum in α0 = 1− r.
Hence
gα ≤ gα0 = g1− r = 1− r
1
r  ∀α ∈
[
0
1− r
r
]
 (38)
If r < −1, then it follows from (37) that
g′α > 0 ∀α ∈
[
0
1− r
r
]
 (39)
Hence, the function gα has a maximum in α0 = 1−rr . We obtain
gα ≤ gα0 = g
(
1− r
r
)
= r − 1
r
2
1−r
r ∀α ∈
[
0
1− r
r
]
 (40)
Finally, we obtain from (34), (36), (38), and (40) that
Cn ≤ Cr = inf
0<α< 1−rr
Gα r
= 1
sup
0<α<1−r/r
gα =


1− r− 1r  −1 ≤ r < 1 r 	= 0,
r
r − 12
r−1
r  r < −1.
Theorem 1 is proved completely.
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